Abstract. We carry out some algebraic and analytic properties of a new class of orthogonal polyanalytic polynomials, including their operational formulas, recurrence relations, generating functions, integral representations and different orthogonality identities. We establish their connection and rule in describing the L 2 -spectral theory of some special second order differential operators of Laplacian type acting on the L 2 -gaussian Hilbert space on the whole complex plane. We will also show their importance in the theory of the so-called rank-one automorphic functions on the complex plane. In fact, a variant subclass leads to an orthogonal basis of the corresponding L 2 -gaussian Hilbert space on the strip.
Introduction
The classical real Hermite polynomials (see e.g. [17, 25] ) are extensively studied in the mathematics literature and they have found interesting applications in various branches of mathematics, physics and technology, see for examples [25, 28, 29] and the references therein. Natural extensions to the two real variables can be obtained by considering the tensor product H m,n (x, y) = H m (x)H n (y) or also by replacing the real x in H m (x) by the complex variable z giving rise to the holomorphic Hermite polynomials (see e.g. [28, 19] ). This last class has been introduced in the study of some analytic function spaces [31, 22, 6] and showed to be useful for the coherent states theory [7, 12] . Their combinatoric has been studied in [19] . Another generalization is given by the univariate complex Hermite polynomials H m,n (z, z) introduced by Ito in the context of complex Markov process [21] as well as their generalized version G m,n (z, z) considered by the second author in [13] . Both are special examples of polyanalytic polynomials of one complex variable for satisfying the generalized Cauchy equation ∂ k ∂z n+1 = 0. The curious reader can refer to [26, 23, 18, 13, 14, 20, 15] and the references therein for their basic properties and their applications.
The following general class of polyanalytic polynomials including the H m,n (z, z) and the G m,n (z, z) is suggested in [9] G h m,n (z, z) = (−1) m+n e ν|z| 2 −h(z) ∂ m+n ∂z m ∂z n e −ν|z| 2 +h(z) , (1.2) where h(z) is a given entire function. They appear naturally, when dealing with the spectral theory of a special magnetic Laplacian leaving invariant the space of mixed automorphic functions [9] .
In the present paper, we consider the particular case G n (z, z|0) = z n . The consideration of this class is motivated by their importance in the theory of the automorphic functions on the complex plane with respect to given rank-one discrete subgroup Γ = Z of (C, +) (see Section 7) . In fact, the specific case of ξ = 2iπ(β + k), with β ∈ R and k ∈ Z, leads to which for fixed nonnegative integer n gives rise to an orthogonal basis of the n th L 2 -eigenspace of a Schrödinger operator acting on some L 2 -sections over the strip C/Z of the L 2 -line bundle L = (C × C)/Z, constructed as the quotient of the trivial bundle over C by considering the Z-action [16, 27] . Our main purpose here is to explore some basic properties of I ν,α n (z, z|ξ) such as operational representations, the recurrence relations, differential equations they satisfy, orthogonality relations, Rodrigues' formula and quadratic formula of Nielsen type as well as the explicit formula in terms of the Hermite polynomials. We also provide generating functions and integral representations, including the one involving a Fourier-Wigner transform with a special window function closed to the classical Mehler's kernel. In course of our investigation, we present two interesting applications. The first one is related to the concrete description of the spectral theory of some specific second order differential operator of Laplacian type acting on the free Hilbert space L 2 (C; e −ν|z| 2 dxdy). The second application involves the subclass I α,β m,n (z, z|ξ) in (7.4) and reproves the fact that they form a complete orthogonal system of the space
The layout of the paper is as follows. In Section 2, we introduce and study some basic properties of I ν,α n (z, z|ξ). In Section 3, we provide four kinds of generating functions. In Section 4, we discuss the orthogonality properties. Section 5 is concerned with the problem of providing integral representations of I ν,α n (z, z|ξ). The polyanaliticity of these polynomials and the differential equations they satisfy are discussed in Section 6. While in Section 7, we discuss their importance in studying the spectral properties of rank-one automorphic theta functions. Some concluding remarks close the paper.
Preliminary results
This section incorporates a preliminary study of the polynomials I ν,α n (z, z|ξ) (abbreviated sometimes as I ν,α n ). For the unity of the formulation, we put I ν,α n = 0 whenever n < 0. Notice for instance that
The first result in this section concerns useful operational formulas for I 
Proof. The representation (2.2) as well as (2.3) follow from the Rodrigues' type formula (1.3) making use of the fact
for sufficiently differentiable function f . Both (1.3) and (2.2) can be used to establish (2.4). The proof we provide below is based on (2.2). Indeed, direct computation yields
Hence, by rewriting the z-derivation operator in the form ∂ z = (∂ z − νz) + νz, keeping in mind the expression of I ν,α 1
given through (2.1), we obtain
n+1 . This proves (2.4). To establish (2.5), we make use of
which holds true for any holomorphic function h and in particular for h(z) = e αz 2 +ξz . Therefore, we obtain
The following result gives another interesting representation of the polynomials I 
Subsequently, we have
Proof. Notice first that (2.4) can be rewritten as (−∂ z + I ν,α
k+1 . Therefore, we get
for any arbitrary nonnegative integers n and k. Hence, for k = 0, we obtain (
n . This proves (2.8). The proof of (2.9) lies essentially in the fact that 
ν,α n−1 (2.13) and consequently, the following recurrence formula
holds true.
Proof. Direct computation, starting from (2.6) and using the fact that ∂ z and ∂ z − νz commute, entails
n . Insertion of (2.13) in (2.4) yields (2.14). Added to the Rodrigues' formula (1.3) defining I ν,α n , these polynomials admit a second useful Rodrigues' formula.
Theorem 2.8. We have
Proof. We proceed by induction. Obviously, (2.15) holds good for n = 0 and n = 1. In fact
. Now, assume that (2.15) holds true for every nonnegative
ν,α n−1 . Thus, one arrives at the desired result by means of the recurrence formula (2.12).
The previous result shows in particular that the polynomials I ν,α n should be closely connected to the univariate Hermite polynomials H n (x). In fact, the following result asserts that they are essentially the H n in the variable I ν,α 1 . 
Corollary 2.9. The explicit expression of I ν,α n in terms of the classical Hermite polynomials is given by
This is in accordance with Remark 2.3 The special case of adequate ξ (ξ = 2iπ(β + k)) will be reconsidered in Section 7 when dealing with rank-one automorphic functions.
The following result gives the expression of I
Proposition 2.11. For ν and α such that 2|α| < ν, we have
Proof. Notice first that by considering the first order differential operators
which readily follows by induction from the fact
Now from Proposition 2.2, we have
We conclude this section by proving a Nielsen's identity for these polynomials, which consists of expressing I ν,α n as a weighted sum of a product of the same polynomials. Namely, we have 20) which follows by induction starting from (2.9), we obtain
This completes the proof. Sections 5, 6 and 7) . This is the case of the integral representation of I ν,α n obtained in Theorem 5.2 below.
Generating functions
The first generating function we deal with is a standard one. Proof. Notice first that we have 
This ends the proof.
The next generating function generalizes the previous one. Its proof is based essentially on the Nielsen's identity. Namely, we assert 
Proof. In view of (2.19), we can write the right hand-side of (3.2) as follows
According to (3.1), this leads to
Now, by interchanging the order of summation in the double sum, 
Proof. Direct computation making use the Leibniz formula infers
By expanding e ξz in power series and making use of Definition 1.1 of the holomorphic Hermite polynomials, we get
Therefore,
The last generating function in this section shows that the polynomials I ν,α m (z, z|ξ) can be generated from the ξ-holomorphic Hermite polynomials H m (ξ) and the polyanalytic Hermite polynomials H m,n (z, z). To this end, we use a variant (analytic continuation) of the generating function of the real Hermite polynomials. Such result is also needed in the proof of Theorem 3.4 below.
Lemma 3.5. The explicit expression of the k-th z-derivative of e αz 2 +ξz in terms of the usual Hermite polynomials H k (z) is given by
Theorem 3.6. We have the generating function
Proof. The proof follows easily starting from the definition of I ν,α n and using the expansion series of the entire function e αz 2 +ξz as in (3.5). Indeed, we get
The last equality follows by observing that the rescaled complex Hermite 
Orthogonality
We begin by considering the case of ξ = 0. 
Proof. Under the assumption 2|α| < ν and keeping in mind the result of Proposition 2.11 as well as the orthogonality of the rescaled real Hermite polynomials 
Remark 4.3. The proof we have furnished above is also valid for the general case of arbitrary ξ under the assumption that 2|α| < ν.
Based on the orthogonal property obtained in [31] for the holomorphic Hermite polynomials H n (z), to wit
where 0 < θ < 1, we can deduce two orthogonality relations for the polynomials I 0,α n (z, z|0) corresponding to ν = 0 = ξ according to α > 0 or α < 0. The one for α > reads
. We establish below an orthogonal property for I ν,α n (z, z|ξ) for arbitrary ν > 0 and ξ ∈ C, generalizing (4.1) as well as (4.2). To this end, for given reals a, b > 0, we consider the weight function
where the quantities A are given by 
Proof. Theorem 3.1 yields
where we have set X = (ν − 2α)x − (ξ) and Y = (ν + 2α)y + (ξ) for given z = x + iy. Now, if we denote the left-hand side of ( 
uv ,
The third equality is obtained making use of the well-known Gaussian integral
while the last equality readily follows since 4αab + b − a = 0. Subsequently, we obtain
This completes our check of (4.4). = ξ, so that the orthogonality (4.4) reduces to with 0 < θ < 1.
Integral representations
In virtue of Theorem 2.8, we obtain the following integral representation of the polynomials I ν,α n (z, z|ξ). Proposition 5.1. For every ν > 0 and α ∈ R with α = 0, we have
Proof. By means of the explicit formula for the gaussian integral (4.5), we can write
The integral in the right-hand side converges uniformly on every disc D(0, r) ⊂ C and one can repeatedly differentiate it with respect to z. Hence, by (2.15) we obtain
This completes our check of (5.1).
The next result is a consequence of Theorem 3.6 combined with the integral representation of the complex Hermite polynomials. 
More particularly, we have
Proof. The result follows by a tedious but straightforward computation. In fact, starting from Theorem 3.6 and using the integral representation of H ν m,n (z, z) given by Theorem 3.1 in [4] , to wit
(valid for ν > 0 and a, b ∈ C such that ab > 0), we obtain
The particular case of a = b = −ν gives rise to (5.4). This completes the proof. 
with respect to a special window function g that we determine explicitly. Thus, we define
More explicitly,
Theorem 5.4. Let ν and α be such that 2|α| < ν. Then, for every z, we have
This follows by straightforward computation using Theorem 3.1 in [2] as well as the fact that h
. Now, by Theorem 3.6, we get
Making use of the Mehler's formula ( [24, 25] ) for the rescaled Hermite functions h τ n , to wit
, we get
where M ν α is exactly the function given through (5.7) under the assumption that 2|α| < ν. Therefore, we arrive at
The obtained expression is reads equivalently as (5.8). This completes the proof. 
so that the result of our Theorem which reads
is exactly the reproducing property for the monomials by B, B(h n )(−z) = (−1) n z n .
Polyanalyticity and partial differential equations
The introduced polynomials is a special subclass of polyanalytic functions on the complex plane. In counterpart of the H We denote by ·, · α,Z the associated hermitian scalar product. Then it is proved in [16] that the functions
, form an orthogonal basis of L 2 (C/Z, e −2α|z| 2 dxdy). This result can be reproved using the first order differential operator A * 2α = −∂ z + νz and the corresponding functions ψ
In fact, we show that these functions form an orthogonal basis of L 2 (C/Z, e −2α|z| 2 dxdy) and that their explicit expression is given in terms of the special subclass
where α >, β ∈ R, m = 0, 1, 2, · · · , and n ∈ Z + .
Lemma 7.1. We have Proof. Notice that for f = e αz 2 +2iπβz F and g = e αz 2 +2iπβz G satisfying the autoumorphic equation 
Concluding remarks
In the present paper, we have discussed in Sections 2, 3, 4, 5 and 6 some basic properties of a novel class of polyanalyic polynomials of Hermite type such as operational and integral representations, generating functions, orthogonality relations and different differential equations they satisfy. In Section 6, we have proved that I describing in physics the quantum behavior of a nonrelativistic charged particle confined in the plane under the action of an external constant magnetic field [26, 11, 30, 10] . The corresponding L 2 -spectral analysis on the free Hilbert space L 2 (C; e −ν|z| 2 dxdy) is completely described by the univariate complex Hermite polynomials H ν m,n (z, z) that form an orthogonal basis of L 2 -eigenfunctions of ∆ ν (see [21, 18, 13] ). While the subclass I ν,α m,n (z, z|2iπ(β + n)) appeared to be essential in describing the spectral theory of ∆ ν (with ν = 2α) acting on rank-one automorphic functions belonging to L 2 (C/Z; e −ν|z| 2 dxdy) . Accordingly, we claim that the polynomials I ν,α n (z, z|ξ) will play a crucial rule in illustrating the spectral properties of ∆ ν α,ξ acting on an appropriate Hilbert space whose associated scaler product is predicted by Theorem 4.4. The corresponding spaces will constitute the polyanalytic version of the functional spaces studied in [31, 6] . This will be considered in detail in a forthcoming paper.
